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A question

Question (Barwell, Davies and Good, 2011)
For an interval map, f : [0, 1]→ [0, 1] with shadowing, is it true that a set
L ⊆ [0, 1] is internally chain transitive (ICT) iff L = ω(x, f ) for some x ∈ [0, 1].

ω(x, f ) =
⋂
n∈N

{f k(x) : k ≥ n} = set of limit points of the forward orbit of x

A closed non-empty subsetA ⊂ X is internally chain transitive (ICT) if for
every δ > 0 and every two points a, b ∈ A there exists a δ-pseudo orbit from a
to b. (think ≈ topologically transitive)
Note! Every ω-limit set is ICT (Barwell, Good, Oprocha and Raines, 2013)
And the converse holds for Shifts of Finite Type, Anosov diffeomorphisms, . . .
Actually, a set is ICT iff it is an abstract ω-limit set (Bowen, 1975)
A system (X, f ) has the shadowing property if for every ε > 0 there is δ > 0 s.t.
every δ-pseudo orbit is ε-shadowed. (m. (X, f ) is close to being a SFT)
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Why should one care?

0 1

1

••••••

Is this an ω-limit set?

Is it (internally) topologically transitive?

Is it ICT?
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Does it have shadowing? (= Does is look like a SFT?)

SFT

Any other subshift?
A subshift is SFT iff it has shadowing (Walter, 1978)
Anosov diffeomorphisms

s =
√
2

0 1

1

s = ϕ
0 1

1

Tent map with slope s has shadowing for almost all s ∈ [
√
2, 2], but the

complement is dense (Coven, Kan and Yorke, 1988)
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Another kind of shadowing

Definition (Limit (or asymptotic) shadowing)
We say that f : X → X has limit shadowing if every asymptotic pseudo-orbit is
asymptotically shadowed.
We say that the sequence 〈x0, x1, x2, . . . 〉 is an asymptotic pseudo-orbit provided that
lim
i→∞

d(f (xi), xi+1) = 0.

A point z ∈ X is asymptotically shadowing the sequence if lim
i→∞

d(xi, f i (z)) = 0.

If f has limit shadowing then ω = ICT .

Question

Shadowing
?
=⇒ Limit shadowing =⇒ ω = ICT?

6 / 10



Another kind of shadowing

Definition (Limit (or asymptotic) shadowing)
We say that f : X → X has limit shadowing if every asymptotic pseudo-orbit is
asymptotically shadowed.
We say that the sequence 〈x0, x1, x2, . . . 〉 is an asymptotic pseudo-orbit provided that
lim
i→∞

d(f (xi), xi+1) = 0.

A point z ∈ X is asymptotically shadowing the sequence if lim
i→∞

d(xi, f i (z)) = 0.

If f has limit shadowing then ω = ICT .

Question

Shadowing
?
=⇒ Limit shadowing =⇒ ω = ICT?

6 / 10



Another kind of shadowing

Definition (Limit (or asymptotic) shadowing)
We say that f : X → X has limit shadowing if every asymptotic pseudo-orbit is
asymptotically shadowed.
We say that the sequence 〈x0, x1, x2, . . . 〉 is an asymptotic pseudo-orbit provided that
lim
i→∞

d(f (xi), xi+1) = 0.

A point z ∈ X is asymptotically shadowing the sequence if lim
i→∞

d(xi, f i (z)) = 0.

If f has limit shadowing then ω = ICT .

Question

Shadowing
?
=⇒ Limit shadowing =⇒ ω = ICT?

6 / 10



Piecewise linear maps with constant slopes

Theorem
Let f : I → I be a continuous piecewise linear map with a constant slope s > 1. Then
shadowing implies limit shadowing.

If f is transitive, the converse also holds (Kulczycki, Kwietniak and Oprocha, 2014).

Idea of the proof:
(Chen, 1991) Shadowing for these maps holds m. iff

(∀ε > 0) (∃N = N (ε) > 0) (∀x ∈ X )

B(f n(x), sε) ⊆ f n(Bn(x, ε)), for some n ≤ N.

where Bn(x, ε) = {y ∈ [0, 1] : |f i (x) − f i (y) | < ε for i = 0, . . . , n}.
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An answer

Question (Barwell, Davies and Good, 2011)
For an interval map f : [0, 1]→ [0, 1] with shadowing, is it true that ω = ICT?

Yes, for piecewise linear maps with constant slopes. Actually . . .
(Meddaugh and Raines, 2013) Yes, for all interval maps.

Shadowing Limit shadowing ω = ICT

ω = ICT

?

Question (still open)
Does every interval map f : [0, 1]→ [0, 1] with shadowing also have the limit
shadowing property?
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A counterexample

••••••

{0, 1}N × {1}

X1 × {1/2}
X2 × {1/22}
X∞ × {0}

Xk is SFT with forbidden words {11, 101, . . . , 10 . . . 01︸  ︷︷  ︸
k-zeros

}
X∞ is a subshift consisting of sequences with at most one 1

This system has shadowing but not limit shadowing
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Thank you for your attention!
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